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An expression for Sherwood number is developed from first principles for combined pressure-driven and electroosmotic
flow in a porous rectangular microchannel. This quantifies the mass transfer of an electrically neutral solute in the
microchannel and is useful for designing microfluidic devices and porous media flows. The convective-diffusive species
balance equation, coupled with the velocity field, is solved within the mass transfer boundary layer utilizing similarity
method. From the simulations, it is observed that the Sherwood number increases as the electric double layer near the
channel wall becomes more compact (as manifested through a decrease in the Debye length), and it reaches a constant
value around the scaled Debye length of 40. The Sherwood number becomes constant at higher Debye lengths as
electrokinetic effects become negligible. A detailed analysis of dependence of Reynolds number, dimensionless permeation
velocity, ratio of driving force and scaled Debye length on Sherwood number is presented. VVC 2011 American Institute of

Chemical Engineers AIChE J, 58: 1693–1703, 2012
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Introduction

Transport of chemical species due to convection and diffu-
sion is central to mass transfer operations in classical process
engineering applications. Such mass transfer operations are
generally analyzed by assuming the processing environments
(the systems) to be macroscopic. This allows assumptions,
such as, fully developed flow, quasi one-dimensional transport,
and negligible surface interactions of channel walls, complete
decoupling of transport of uncharged solute species from ion
transport, and so forth. In many modern applications, the proc-
essing environments used are being miniaturized progressively.
Applications of these systems include microelectronics, bio-
medical separations and diagnostics, and various ‘‘lab-on-chip’’
processes. Mass transfer analysis is of paramount importance
for prediction of transport phenomena in microstructured
media such as gels, biofilms, microbial flocs, and granular po-
rous media.1–3 Furthermore, module design of separation proc-
esses like membrane filtration, electro-deionization, ion
exchange, etc., have attained a state of sophistication where
the mass transfer occurs in submillimeter, and more likely,
mircoscale and nanoscale flow channel geometries. In this con-
text, it is perhaps pertinent to assess the suitability of classical
mass transfer concepts in designing various microscale and
nanoscale transport and separation processes.

An interesting aspect of microscale flows is the relative im-
portance of the electrical charge of the channel walls on the

fluid flow and mass transport. Electroosmotic effects are
widely used to control the liquid flow and the associated trans-
port processes in microscale devices.4–9 Various applications
of electrokinetic phenomena in porous media are reported.
Some of these are, salt rejection through membrane pores in
reverse osmosis or nanofiltration,10–12 transdermal iontopho-
retic drug delivery (which is one of the most promising
novel drug delivery system),13,14 transport in hydrogels,3,14 as
well as alternating current (AC) electrokinetic and pulsed field
electrokinetic separations.15–19 AC electroosmosis in micro-
channels packed with a porous media is also reported.20 A per-
tinent application of mass transfer driven by electroosmotic
flow through a porous microchannel is observed in transdermal
delivery of drugs.13,14 This process involves controlled migra-
tion of drugs, such as insulin, into the skin or tissue under the
influence of an electrical potential gradient.13,21,22 The skin is
negatively charged, acts as permselective membrane to cations.
The solute-rejecting semipermeable wall provides preferential
passage of electrolytes and desired smaller sized species.23 In
the process, bigger sized neutral molecules are rejected. The
rejected solutes form a mass transfer boundary layer near the
wall. This boundary layer dictates the mass transfer and finally
permeation rate through the porous wall.

The present analysis can also be applied to predict the
permeation of neutral solutes in microhollow fiber membrane
bioreactor,24 which is widely used for collection of analytes
including drugs, metabolites, peptides, and proteins. This
study inferentially discusses the diffusive mass transfer of
neutral solutes and how it affects the recovery process.
Understanding of diffusive mass transport is especially criti-
cal during in vivo recovery of larger peptides and proteins.3
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Another application is membrane-based separation for
emulsion where a dilute emulsion can be subjected to exter-
nal electric field in microchannel. In this case, some of the
suspended droplets are attracted towards the wall, allowing
them to pass through the membrane. Such a process can be
extremely useful in a variety of applications involving sepa-
ration of the components of a microemulsion.16

An appropriate mass transfer analysis of the above proc-
esses in presence of electroosmotic flow enables efficient
design of such systems. Many of these processes involve
transport of a solute, which may not even be charged, and
thus, are not subject to direct electrokinetic forcing in pres-
ence of an electric field. Yet, the electrokinetic flow of the
ionic species (the electrolyte), and their polarization near the
charged channel walls can influence the mass transfer of
these uncharged solutes.15 However, to the authors’ knowl-
edge, simple models of mass transfer analysis through
charged porous microchannels in conjunction with electroos-
motic flow are not available in literature.

Extensive studies on flow through microchannels have
been reported addressing the fluid flow and heat transfer.25–
30 In case of heat transfer, Nusselt number for combined
pressure and electroosmotically driven flows in microchannel
and effects of viscous dissipation are reported.31,32 However,
in that study, a fully developed thermal boundary layer
under constant wall heat flux condition is considered. In con-
trast, in case of mass transfer analysis, since mass transfer
boundary layer grows slowly (due to higher Schmidt num-
ber). Therefore, the fully developed mass transfer boundary
layer is not realistic in microchannel systems. Furthermore,
if the channel wall is porous, the constant flux condition has
to be replaced by a Robin mixed boundary condition. There-
fore, mathematical analysis of mass transfer in microchan-
nels and biological systems considering the role of the chan-
nel wall charge are relatively rare.2,33 Liapis and Grimes34

developed the expression of film mass transfer coefficient for
purely electroosmotic flow in packed bed in impervious cir-
cular pores. They showed that for the same volumetric flow
rate, the film mass transfer coefficient of electroosmotically
driven flows is proportional to that for pressure-driven flows.
However, their solution did not specify the values of the
leading coefficients in the expression of mass transfer coeffi-
cient, relegating this to experimental measurements.

In this study, we present a detailed mass transport analysis
of an electrically neutral solute dissolved or suspended in an
electrolyte solution flowing through a permeable-wall electri-
fied slit microchannel. The analysis is conducted by consid-
ering a combined pressure driven and electroosmotic flow in
the porous microchannel. Analytical solution of average
Sherwood number is developed from the first principles.
Effects of various process parameters, namely, permeation
velocity, electrolyte concentration, Reynolds number in the
channel and ratio of pressure driven to electroosmotic flow
on the Sherwood number are investigated. The developed
relationship would be of immense help in efficient design
and control of microscale flow and separation processes, and
may substitute detailed numerical calculations of such proc-
esses.

Mathematical formulation

Figure 1 shows the two-dimensional electroosmotic flow
in the porous microchannel of length L and height 2h, con-
taining a 1:1 symmetric electrolyte solution with constant

dielectric constant, e. The inner surfaces of the channel are
charged at the wall potential, f. Upon imposition of a uni-
form external electric field of strength Ex, and a pressure
gradient (px ¼ dP

dx), the fluid in the channel is set into motion
due to the combined effect of Poiseuille and electroosmotic
flow. It may be noted that the coordinate system is fixed at
the lower surface of the channel.

Potential field

The governing equation, for electric double layer potential
(for small surface potentials) is given below,17

d2w
dy2

¼ 2n1Z2e2w
ekBT

(1)

The above equation can be written as,

d2w
dy2

¼ j2w

where, j is inverse double layer thickness and is given by,

j ¼ 2n1z2e2

ekBT

� �1
2.

The above governing equation Eq. 1 is subjected to the
following boundary conditions,

at y ¼ 0; W ¼ f (1a)

at y ¼ h;
dw
dy

¼ 0 (1b)

Solution of Eq. 1 provides an expression of surface poten-
tial as,

w ¼ 1 coshðjy� jhÞ
coshðjhÞ (2)

Velocity field

The governing equation, for fully developed, one-dimen-
sional axial velocity field for the electrolyte solution can be
expressed under Debye-Huckel approximation as,17

d2ux
dy2

¼ � px
l
� u

HS
j2

cosh jh� jyð Þ
cosh jhð Þ (3)

where, ux is the axial velocity, u is the fluid viscosity, and j is
the inverse of Debye length, and uHS ¼ �eExf

l . Following are
the relevant boundary conditions,

Figure 1. Flow geometry of a slit microchannel with a
porous wall.

The channel half-height is h. The two walls are semiperme-

able, allowing the solvent and the electrolyte to pass

through, but rejecting the uncharged solute completely.
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at y ¼ 0; ux ¼ 0 (3a)

at y ¼ 2h; ux ¼ 0 (3b)

Using the above boundary conditions, the expression for
the axial velocity profile becomes,

ux ¼ pxh
2

l
y� � y�2

2

� �
þ uHs 1� coshfjhð1� y�Þg

coshðjhÞ
� �

(4)

where, y* ¼ y/h.
In the above expression, the term containing pxðdPdxÞ can be

substituted by the cross section area averaged velocity due
to poiseulle flow, as up ¼ pxh

2

3l . Thus, the velocity profile
becomes,

ux ¼ 3up y� � y�2

2

� �
þ uHs 1� coshfjhð1� y�Þg

coshðjhÞ
� �

(4a)

It may be noted that our interest in velocity profile is the
part that lies within mass transfer boundary layer. Typical

values of solute diffusivity to be considered in such cases
are in the order of 10�10 to 10�11 m2/s, that leads to
Schmidt number of the order of 104 to 105. As the thickness
of mass transfer boundary layer is inversely proportional to
Schmidt number, we can safely assume that in the micro-
channel the mass transfer boundary layer lies within 10% of
the half channel height. However, this assumption is verified
in the subsequent sections.

Velocity profile for small values of jh:

With the assumption stated earlier, in the mass transfer
boundary layer, y* in Eq. 4a is less than 0.1. In that limit,
one can approximate sinh(jhy*) as jhy* and cosh(jhy*) as
1. Similar type of approximation was used by Zhou et al.30

Therefore, the approximated form of velocity profile in the
mass transfer boundary layer is obtained from Eq. 4a as,

u�x ¼ 3 1þ R

3
jh tanh jhð Þ

� �
y� (5)

where, R ¼ uHs
up

and u�x ¼ ux
up
. The complete velocity profile is

shown in Figure 2a, for jh ¼ 1.0 and R values at 1 and 10. The
exact Eq. 4a and the approximate Eq. 5 velocity profiles are shown
up to y*¼ 0.1 in Figures 2b,c for R¼ 1 and R¼ 10, respectively.
Figures 2b,c clearly show that velocity profiles are really linear till
y* ¼ 0.1 and the approximate profile Eq. 5 matches closely with
the exact profile up to y* ¼ 0.1, i.e., within 10% of channel half
height. Equation 5 holds good when jh� 3 within 5% deviation.
When jh[3 approximated velocity profile (Eq. 5) deviates from
exact velocity profile (Eq. 4a) more than 5%.

A feasible range of variables namely jh and negative R
(electroosmotic flow opposing pressure-driven flow) for
which the overall velocity field does not show inversion is
presented ion Figure 3. This figure is produced by solving
Eq. 4a. It is clear from this figure that inversion of velocity
field can be avoided for all combinations of jh and R below
the curve presented in the figure. For jh ¼ 30, the feasible
value of R is greater than �0.1. As the value of R increases
feasibility region increases. For low values of R, feasibility
domain decreases, and the solution exists for smaller jh.

Velocity profile at higher values of jh:

Complete velocity profile Eq. 4a is presented in Figure 4
at higher value of jh ¼ (¼20) for R ¼ 1 and R ¼ 10. It is
clear from this figure that even for higher values of jh, the
velocity profile is linear within 10% of channel half height

Figure 2. Velocity profiles in the channel.

(a) Complete velocity profile, Eq. 4a for jh ¼ 1.0 and R ¼ 1

and 10; (b) Comparison of exact velocity profile (Eq. 4a) with

approximated profile (Eq. 5) for jh ¼0.1 and 1.0 at R ¼ 1;

and (c) Comparison of exact velocity profile (Eq. 4a) with

approximated profile (Eq. 5) for jh¼0.1 and 1.0 at R¼ 10.

Figure 3. Feasible range of velocity for negative values
of R varying with jh.

Figure 4. Actual velocity profile at jh520 at R5 1 and 10.
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i.e., y* ¼ 0.1. Thus, it can be stated that velocity profile is
linear till y* ¼ 0.1 from the wall for any value of jh. Simi-
lar observation is made by Liapis and Grimes 34. Therefore,
within 10% of the channel half height (y* ¼ 0.1), the veloc-
ity profile can be expressed as,

u�x ¼ f y� (6)

where, f is the slope of velocity profile between y* ¼ 0 and
0.1. A close look at Eq. 5 reveals that f must have the
following form,

f ¼ 3þ R gðjhÞ (7)

In the above expression, first term of right-hand side is
the slope of pure poiseulle flow and the second term corre-
sponds to electroosmotic flow. g is a function of scaled value
of inverse Debye length. Variation of f with jh for R ¼ 1
and R ¼ 10 is shown in Figure 5. Expression of g can be
obtained by plotting f-3/R with jh. This is shown in Figure
6 for the values of R ¼ 1 and 10. The variation is of the
form of Langmuir function,

g ¼ Ajh
1þ Bjh

(7a)

Equation 7a can be rewritten as,

1

g
¼ 1

Ajh
þ B

A
(7b)

As is shown in Figure 6, it can be observed that g is con-
stant after jh ¼ 40 and below it, g is increasing with jh.
Hence, the expression of g is obtained as,

g ¼ 1:08jh
1þ 0:08jh

for 3\jh � 40 (8)

¼ 10 for jh > 40 (9)

Velocity profile for all values of jh:

From above two sections, it is summarized that velocity
profile is linear up to y* ¼ 0.1 for all values of jh and R and
the profiles are presented below. For 0.1 \ jh � 3 velocity
profile is expressed by Eq. 5.

for 3\jh � 40 u�x ¼ 3 1þ R

3

1:08jh
1þ 0:08jh

� �� �
y� (10)

for jh > 40 u�x ¼ 3 1þ 10
R

3

� �
y� (11)

Figure 5. Slope of linear velocity profile versus jh for R
5 1 and 10.

Figure 6. Variation of g with jh at R ¼ 1 and R ¼ 10.

Figure 7. (a) Comparison of exact velocity profile (Eq. 4a)
and the linear one (Eq. 10) at various values of
jh and R 5 0.1; (b) comparison of exact velocity
profile (Eq. 4a) and the linear one (Eq. 10) at vari-
ous values of jh and R =20.1.

Solid lines: exact solution; Dashed lines: approximated

solution
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All the above velocity expressions can now be expressed
in the generalized form as, u�x ¼ 3my*, where expression for
m differs for different range of jh. A plot of linear velocity
profile Eq. 10 and exact one Eq. 4a is presented in Figure 7a
for different values of jh and for R ¼ 0.1 and the same
comparison is shown in Figure 7b for R ¼ �0.1. It is
observed from Figure 7a that in case of R ¼ 0.1, a maxi-
mum of 5.2%, 13 and 18% deviation occur for jh ¼ 10, 20,
and 30, respectively, between exact and approximate veloc-
ity profile. It is observed from Figure 7b that in case of R ¼
�0.1, a maximum of 7.8, 8.0, and 9.0% deviation occur for
jh ¼ 10, 20, and 30, respectively, between exact and ap-
proximate velocity profile. This analysis clearly indicates the
validity of linear approximation within the feasible region of
jh and negative R as shown in Figure 3. It may be empha-
sized that the R ! 0 indicates a purely pressure-driven flow
and R�1 ! 0 implies a purely electroosmotic flow.

Solute transport in the slit microchannel

The transport of an electrically neutral solute that is
retained by a semipermeable wall of the slit-microchannel is
modeled here. We assume complete retention of the solute
by the semipermeable walls of the channel, and no electrical
or colloidal interaction of the solute with the channel wall or
the electrolyte. As there is no charge on the solute, it does
not experience any direct electrokinetic effect. Also, the
electric field gradients across the small solutes are negligible
to give rise to any electric polarization forces on the solutes.
For solutes of low diffusivity and high Schmidt number (l/
qD), the thickness of the mass transfer boundary layer is
extremely small and lies close to the wall. Under these con-
ditions, the expression for the axial (x-component) electro-
lyte solution velocity can be expressed as

ux
up

¼ 3y

h
m jh; Rð Þ (12)

where, m is defined in earlier. In terms of nondimensional
variables, the velocity profile becomes,

u�x ¼
ux
up

¼ A0

y

h
(13)

where, A0 ¼ 3m. Under steady-state, the species balance
equation within the mass transfer boundary layer is,

ux
@c

@x
þ vy

@c

@y
¼ D

@2c

@y2
(14)

where, c is the concentration of the solute, vy is the y-
component velocity and D is the solute diffusivity. Assuming a
thin mass transfer boundary layer, vy � �vw (x), Eq. 14
becomes in nondimensional form

A1y
� @c

�

@x�
� Pew

4

@c�

@y�
¼ @2c�

@y�2
(15)

where, the dimensionless quantities are:

x� ¼ x
L ; y

� ¼ y
h ; c

� ¼ c
c0

A1 ¼ 3
16

ReSc de
L

�
m
�
jh;R

�
;Re ¼ qupde

l ; Sc ¼ l
qD ;Pew ¼ vwde

D

�
Here,

de ¼ 4
wetted area

wetted perimeter
¼ 4

w� 2h

2ðwþ 2hÞ ;

since w[[ 2h we consider w þ 2h � w , therefore de ¼ 4h.

As shown in Figure 1, permeation velocity is a local ve-
locity and it is a function of x. Permeation velocity (Pew in
nondimensional form in Eq. 15) is allowed to vary along the
length as a function of operating conditions.

Boundary conditions for Eq. 14 are,

at x ¼ 0; c ¼ c0 (16)

at y ¼ 0; vwcþ D
@c

@y
¼ 0 (17)

y ! 1; c ¼ c0 (18)

The above set of equations is solved for the lower surface
of the microchannel; symmetric mass transfer boundary layer
is formed on the upper surface of the channel as shown in
Figure 1. Boundary layers from both the surfaces merge at
the center of the channel at downstream locations from the
entrance.

An order of magnitude analysis of Eq. 15 at the edge of
the mass transfer boundary layer from the channel entrance

leads to, A1d
� Dc�

x� � Dc�
d�2
. This gives the variation of the thick-

ness of mass transfer boundary layer as d� ¼ x�
A1

� �1=3

. It may

be mentioned here that the presence of corner points in a
rectangular channel changes the localization properties of the
concentration field and can modify the scaling exponent. The
present analysis does not consider this effect. Equation 15
admits a similarity solution with the similarity parameter,

g ¼ y�
d� ¼ A

1
3

1
y�

x�1=3. In terms of similarity parameter, Eq. 15 and

its boundary conditions become,

d2c�

dg2
¼ � g2

3
� B

� �
dc�

dg
(19)

at g ¼ 0; Bc� þ dc�

dg
¼ 0 (20)

at g ! 1; c� ¼ 1 (21)

where, c� ¼ c=c0;B ¼ Pewx
�1=3

4A
1=3
1

. It may be noted here that the
permeation flux through the porous wall (Pew) is inversely
proportional to the thickness of the mass transfer boundary
layer (d*). As discussed above, d* is proportional to x*1/3.
Thus, the quantity B, defined above is a constant. Solution of
Eq. 19 with Eqs. 20 and 21 yields,

c� gð Þ ¼ K1

Zg

0

exp � g3

9
� Bg

� �
dgþ K2 (22)

K1 ¼ � B

1� BI
(23)

K2 ¼ 1

1� BI
(24)

I ¼
Z1

0

exp � g3

9
� Bg

� �
dg (25)

The mass transfer coefficient is defined as,

k cw � c0ð Þ ¼ �D
@c

@y

� �
y¼0

(26)

where, cw is the solute concentration at the wall.
Making Eq. 26 nondimensional and expressing the deriva-

tive in terms of similarity parameter, we obtain,

Shðx�Þ ¼ kde
D

¼ �4
A1

x�

� �1=3
dc�
dg

� �
g¼0

c�w � 1
(27)
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It may be identified that c�w ¼ K2 and ðdc�dg Þn¼0 ¼ K1. Using
Eqs. 23 and 24, the expression of Sherwood number
becomes,

Shðx�Þ ¼ 4
A

1
3

1

I
x��

1
3 (28)

The length averaged Sherwood number becomes

ShL ¼
Z1

0

Shðx�Þdx�¼ 6
A
1=3
1

I
¼ 6 3

16
ReSc de

L mðjh;RÞ
� �1=3

I
(29)

The length averaged permeation parameter (average wall
Peclet number) is obtained from the definition of B,

Pew ¼
Z1

0

Pewdx
� ¼ 6BA

1=3
1 (30)

In terms of average permeation parameter, the constant B
is expressed as,

B ¼ Pew

6A
1=3
1

(31)

Thus, the final expression of average Sherwood number
becomes,

ShL ¼ 3:43 ReSc de
L m jh;Rð Þ� �1=3
I

¼ 3:43 ReSc de
L m jh;Rð Þ� �1=3

R1
0

exp � g3

9
� 0:29Pew

ReSc de
L m jh;Rð Þ� �1=3 g

0
@

1
Adg

ð32Þ

No permeation: Pew ¼ 0, and without electric field and
purely pressure-driven flow, R ¼ 0; the expression of aver-
age Sherwood number becomes,

ShL ¼ 1:85 ReSc
de
L

� �1
3

(33)

The above expression becomes identical with Leveque’s
solution by For various values of Pew ¼ 0, ReScde/L, R, and
jh, the values of the integral I are tabulated in Table 1.
Enhancement of Sherwood number due to electroos-

motic flow with no permeation at the wall

Enhancement of Sherwood number with electroosmotic
flow compared to purely pressure-driven flow can be simply
demonstrated by considering no permeation case (Pew ¼ 0).
In this case, the enhancement in Sherwood number can be
defined by dividing no permeation combined flow case with
no permeation purely pressure-driven flow. The expressions
for enhancement for different ranges of jh will differ and
they are presented below.

For 1\ jh � 3 E ¼ 1þ R

3
jh tanhðjhÞ

� �1=3
(34)

For 3\ jh � 40 E ¼ 1þ R

3

1:08jh
1þ 0:08jh

� �� �1=3

(35)

For jh > 40 E ¼ 1þ 10
R

3

� �1=3
(36)

The above given expressions are for electric filed assisting
the flow. Validity of the analytical solution presented above is
compared with the numerical solution. Numerical solution of
Eq. 15 is carried out using one dimensional space-time discre-
tization technique using PDEPE function of MATLAB 7.8.

Selection of operating parameters

To emulate flows in slit-channels of dimensions represent-
ing typical microchannels, following range of various param-
eters are selected: jh 0.1–100; the average velocity in the
channel: 1 cm/s. For a channel equivalent diameter of 200
lm and kinematic viscosity (of water) 10�6 m2/s, the Reyn-
olds number (Re ¼ qu0de/l) becomes in the order of 2. Typ-
ical ratio of de/L for such microchannel varies between 0.02
to 0.1. Based on the assumption that mass transfer boundary
layer lies within 10% of channel half height, one can

Table 1. Values of I (Eq. 25) For Various Operating Conditions

ReScde/L ¼ 4000; R ¼ 0.1 ReScde/L ¼ 4000; R ¼ �0.1 ReScde/L ¼ 4000; R ¼ 1

Pew Pew Pew

jh 100 500 1000 jh 100 500 1000 jh 100 500 1000

1 0.51 0.11 0.07 1 0.51 0.116 0.07 1 0.53 0.12 0.07
30 0.55 0.12 0.07 30 0.46 0.10 0.06 30 0.73 0.18 0.09
100 0.55 0.12 0.07 100 0.45 0.10 0.06 100 0.74 0.18 0.1

ReScde/L ¼ 7000; R ¼ 0.1 ReScde/L ¼ 7000; R ¼ �0.1 ReScde/L ¼ 7000; R ¼ 1

Pew Pew Pew

jh 100 500 1000 jh 100 500 1000 jh 100 500 1000

1 0.59 0.14 0.07 1 0.59 0.13 0.08 1 0.62 0.14 0.08
30 0.63 0.15 0.08 30 0.54 0.12 0.07 30 0.83 0.21 0.11
100 0.64 0.15 0.08 100 0.53 0.12 0.07 100 0.84 0.21 0.11

ReScde/L ¼ 10000; R ¼ 0.1 ReScde/L ¼ 10000; R ¼ �0.1 ReScde/L ¼ 10000; R ¼ 1

Pew Pew Pew

jh 100 500 1000 jh 100 500 1000 jh 100 500 1000

1 0.65 0.15 0.08 1 0.65 0.15 0.08 1 0.67 0.16 0.09
30 0.69 0.16 0.09 30 0.59 0.13 0.07 30 0.89 0.23 0.12
100 0.70 0.16 0.09 100 0.58 0.13 0.07 100 0.90 0.24 0.12
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consider d* is less than 0.1 from section 2.3, it can be writ-

ten as x�
A1

� �1=3
is less than 0.1. At the exit point of the micro-

channel, i.e., x* ¼ 1, A1 is greater than 103. Hence, 3
16

u0md
2
e

DL

should be greater than 103. Solute diffusivity varies between
10�10 and 10�11 m2/s, making the range of Schmidt number
in between 104 and 105. Therefore, the range of ReScde/L is
in between 4000 and 10,000. Since, the axial velocity is in
the order of 10�2 m/s where as the permeation velocity in
the order of 10�5 – 10�6 m/s., therefore, it can safely be
assumed that the axial velocity profile (Eq. 4a) remains unal-
tered by the presence of the permeation of this magnitude.
The parameter R varies from 0 to 1, encompassing pure
poiseulle flow to purely electroosmotic flow (electric field
assisting the flow).Value of R can also be negative, in this
case electric field opposes the flow.

Results and Discussion

Effect of scaled Debye length and R on Sherwood
number enhancement in case of no permeation

In case of no permeation (Pew ¼ 0), the enhancement (E)
in Sherwood number due to electroosmotic flow is quantified
by Eqs. 34–36. The variation of E as a function of jh for
various values of R is shown in Figure 8. In the figure, small
values of R indicate that pressure-driven flow dominates and
large R implies domination of electroosmic flow. When the
axial electric field aids the pressure-driven flow inside the
microchannel, Sherwood number increases as scaled Debye
length increases and it becomes constant when scaled Debye
length increases beyond 40. The electrokinetic effect
becomes negligible as the thickness of electric double layer
becomes extremely small and hence, the resistance offered
by electric double layer (EDL) becomes smaller. Therefore,
at higher values of jh, the Sherwood number is constant,
and it is not influenced by electroosmotic flow. This phe-
nomenon is also observed in case of heat transfer Sadeghi
and Saidi.32

It may be noted from Figure 8 that Sherwood number
increases with the value of R, in case of electric field assist-
ing the flow. This implies that electroosmotic flow enhances
Sherwood number and the enhancement can be as high as

about 3.2 times at R ¼ 10. For R ¼ 1, the maximum
enhancement of Sherwood number is about 60% more than
that of pure Poiseuille flow. Enhancement of Sherwood num-
ber in case of electric field assisting the flow is due to the
enhancement of convection in the direction of flow, impart-
ing more shear to the mass transfer boundary layer leading
to reduction of its thickness.

The reverse phenomenon is observed in case of electric
field opposing the flow. In this case, as the electroosmotic
flow opposes the pressure-driven flow, the effective velocity
in the axial direction is reduced, thus reducing the shear on
the mass transfer boundary layer. Consequently, the bound-
ary layer grows in thickness and the Sherwood number
decreases. The Sherwood number decreases as the scaled
Debye length increases, the effect of electroosmotic flow
becomes negligible (due to smaller thickness of the electric
double layer) enhancement in Sherwood number becomes
constant. It is interesting to note that for the values of R
such that R > 3 1þ0:08jh

1:08jh , the argument within the power

exponent in Eq. 35 becomes negative and the solution of E
does not exist. This infeasible solution domain is also dem-
onstrated in Figure 8 for R ¼ 1 and jh greater than 3 and
for R ¼ �0.1 and greater jh than 30.

Effect of Debye length and other parameters on average
Sherwood number

Variation of length averaged Sherwood number with the
nondimensional Debye length is presented in Figure 9 for vari-
ous levels of wall permeation. Both the cases of electric field
assisting and opposing the flow are presented in the figure. It
is observed that at the same level of permeation, in case of
electric field assisting the flow, Sherwood number increases
and reaches a maximum at jh ¼ 40 and becomes constant
thereafter. With increase in scaled Debye length, the electroki-
netic effects become negligible and resistance due to thickness
of EDL becomes negligible and Sherwood number becomes
constant. For example, with the conditions mentioned in Figure
9, at Pew ¼ 100 and at R ¼ 1, average Sherwood number
increases from 106 to about 120 up to jh ¼40 and it is

Figure 8. Variation of Sherwood number enhancement
with scaled Debye length and various values
of R. Solid lines: Ex assisting the flow;
Dashed lines: Ex opposing the flow.

Figure 9. Variation of average Sherwood number with
scaled Debye length for various extents of
permeation velocity at the wall.

Solid lines: Ex assisting the flow; Dashed lines: Ex opposing

the flow. (a) Pew ¼ 1000; ReScde=L ¼4000;R ¼ 0.1 and

�0.1; (b) Pew ¼ 100; ReScde=L ¼ 4000;R ¼ 1 and �1;

and (c) Pew ¼ 100; ReScde=L ¼4000;R ¼ 0:1 and �0.1.
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constant thereafter. Thus, under these conditions, about 13%
enhancement in Sherwood number is obtained. As the permea-
tion level in the channel wall increases, the average Sherwood
number increases at a fixed value of jh. As the wall permea-
tion increases, the resistance offered by the mass transfer
boundary layer decreases leading to a consequent enhancement
of Sherwood number. For example, average Sherwood number
increases from 108 to about 800 as the average Peclet number
at the wall increases from 100 to 1000 corresponding to a
scaled Debye length of 40 and thereafter.

The effects of electric field opposing the bulk flow are
depicted by the dashed lines in Figure 9. The Sherwood
number decreases with scaled Debye length and reaches a
minimum at jh ¼ 40 and then it is constant as jh increases.
The explanation of this behavior is already provided in con-
text of Figure 8. The maximum reduction in Sherwood num-
ber is about 3.8% (from 780 to 750) in case of Pew ¼ 1000.

Variation of average Sherwood number with jh at different
values of ReScde/L is shown in Figure 10, at constant nondimen-
sional permeation velocity 100 and R ¼ 1 and 0.1. The figure
shows usual trend that Sherwood number increases with jh,
reaches a maximum at jh ¼ 40 and becomes constant thereafter,
in case of electric field assisting the flow. In case of electric field
opposing the flow, the Sherwood number decreases with jh and
becomes constant beyond jh ¼ 40. At a fixed jh, Sherwood
number increases with ReScde/L. For same solute and channel
dimensions, Sherwood number increases with Reynolds number.
As Reynolds number increases, a sweeping action by the forced
convection of the bulk flow is imposed on the porous wall, lead-
ing to a decrease in the solute concentration at the wall. This
imparts an increase in the diffusive flux away from the wall to
the bulk solution and leads to an augmentation in the mass trans-
fer coefficient and subsequently, the Sherwood number. At jh ¼
40, the average Sherwood number is about 108 at ReScde/L ¼
4000. This increases to about 116 when ReScde/L increases to
10,000.

Variation of average Sherwood number obtained from both
analytical and numerical solution with the parameter R is
shown in Figure 11. Deviation of analytical solution from nu-
merical solution is shown in Figure 12. At low values of R

and jh, deviation is less; as the values of R and jh are
increasing, the deviation also increases. Figure 11 shows that
Sherwood number increases with the parameter R (more elec-
troosmotic flow), in case the electric field assisting the flow
and decreases in case of electric field opposing the flow. As
electroosmotic flow increases, the overall axial velocity in the
channel increases, resulting in an increase in the mean flow ve-
locity and enhanced shear accompanied with a decrease in the
thickness of the mass transfer boundary layer. This leads to
increase in Sherwood number. For example, at jh ¼ 40, Sher-
wood number increases from about 108 to 160, as R increases
from 0.1 to 10. In case of electric field opposing the flow, the
mean velocity in the channel decreases and therefore the shear
on the mass transfer boundary layer becomes less, allowing
the increase in thickness of the boundary layer and reduction
in Sherwood number. At jh ¼ 3, Sherwood number decreases
from about 105 to about 88 as R decreases from �0.1 to �1 ,
in case of electric field opposing the flow.

Figure 12 shows phase space plot for deviation of average
Sherwood number obtained from analytical solution with

Figure 10. Variation of average Sherwood number with
Debye length for various ReScde/L.

Solid lines: Ex assisting the flow; Dashed lines: Ex

opposing the flow. (a) Pew ¼ 100; ReScde=L ¼
10000; R ¼ 0:1 and �0.1; (b) Pew ¼ 100; ReScde=L ¼
4000; R ¼ 1 and �1; and (c) Pew ¼ 100; ReScde=L ¼
4000;R ¼ 0:1 and �0.1.

Figure 11. Comparison of average Sherwood number
obtained from analytical solution and nu-
merical solution and its variation with Debye
length for various values of R.

Solid lines: analytical solution; Dashed lines: numerical

solution.

Figure 12. Phase plot of average Sherwood number
deviation at different values of Debye length
and R.
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respect to that obtained from numerical solution for different
values of jh and R. The concentration field (Eq. 14) with
exact velocity profile (Eq. 4a) is solved numerically and the
values of average Sherwood number are compared with the
analytical solution. As shown in Figure 11, it is observed
that for R ¼ �0.1 to 0.1, the matching of numerical and an-
alytical solution is remarkably high. For R ¼ 1 and 10, the
maximum deviation is 14 and 25% in the studied range of jh
¼ 1 to 60. It is again emphasized that there exists a combina-
tion of parameters where the maximum deviation between nu-
merical and analytical solution is less than 10 and 20% as
reported in Figure 12. It is evident that for all values of jh (up
to 100) the approximate solution matches with numerical
results for R ¼ 1 within a deviation of maximum 10%. Up to
jh ¼ 20, the analytical solution is within 10% of the numeri-
cal results for positive values of R less than 10.

If the deviation of 20% is considered between numerical
and analytical solution the domain of parameters jh and R
relaxes significantly, thereby increasing the applicability of
the model.

Effect of wall permeation on average Sherwood number

Comparison of average Sherwood number obtained from
both analytical and numerical solution and their variation with
nondimensional permeation velocity is presented in Figures
13a,b. These figures clearly indicate that the Sherwood number
increases with permeation velocity for both the cases of elec-
tric field assisting and opposing the flow. For R ¼ 10 (jh ¼
20), the numerical profile corroborates almost equally with the
analytical solution but for R ¼ �0.1 the analytical solution
deviates away from the numerical solution at Pew above 500.
However, it must be noted that the analytical solution predicts
closely with the numerical solution for Pew less than 400 for
all values of R. As discussed earlier, enhancement in wall per-
meation reduces the thickness of mass transfer boundary layer
and thereby, increasing Sherwood number. In case of electric
field opposing the flow, Sherwood number increases from
about 30 to about 730 as the wall permeation velocity
increases from 0 to 1000 at jh ¼ 20 and at R ¼ �0.1.

Variation on local Sherwood number

The profiles of Sherwood number along the channel length
for various levels of permeation velocity (Pew), R, jh, and
ReScde/L are presented in Figure 14. It is observed that at a
fixed axial location, Sherwood number increases with perme-
ation velocity (Curves 1 and 2), ReScde/L (Curves 2 and 3),
and R (Curves 3 and 4). Sherwood number increases as jh
increases from 1 to 10 (Curves 4 and 5). Under fixed operat-
ing conditions, Sherwood number decreases sharply at the
channel entrance (within 20% of channel length) and gradu-
ally thereafter. Near the entrance, the thickness of mass
transfer boundary layer is small, indicating lower values of
wall concentration. Therefore, the difference between the
bulk and wall concentration of the solute is quite large,
resulting in higher mass transfer (by diffusion) and large val-
ues of Sherwood number. In the downstream sections of the
channel, the wall concentration increases as the mass transfer
boundary layer develops. This leads to a reduction in mass

Figure 13. (a) Comparison of average Sherwood num-
ber obtained from analytical solution and
numerical solution and its variation with wall
permeation at jh 520 and R 5 10.

Solid lines: analytical solution; Dashed lines: numerical

solution. (b) Comparison of average Sherwood number

obtained from analytical solution and numerical solu-

tion and its variation with wall permeation at jh ¼ 20

and R ¼ �0.1. Solid lines: analytical solution; Dashed

lines: numerical solution.

Figure 14. Variation of local Sherwood number with
channel length.

Curve 1: Pew ¼ 100, ReScde/L ¼ 7000, R ¼ 1, and jh
¼ 1.0; Curve 2: Pew ¼ 1000, ReScde/L ¼ 7000, R ¼ 1,

and jh ¼ 1.0; Curve 3: Pew ¼ 1000, ReScde/L ¼ 4000,

R ¼ 1, and jh ¼ 1.0; Curve 4: Pew ¼ 1000, ReScde/L
¼ 4000, R ¼ 3, and jh ¼ 1.0; and Curve 5: Pew ¼
1000, ReScde/L ¼ 4000, R ¼ 3, and jh ¼ 10.
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transfer as the concentration gradient at the wall decreases
and subsequently, Sherwood number decreases in the down-
stream sections of the microchannel.

Variation on concentration profiles in the microchannel

The profiles of solute concentration along the cross section
of the channel at various axial locations of the microchannel
are shown in Figure 15 for values of parameters R ¼ 10, jh
¼ 40, and Pew ¼ 1000. It can be observed that the solute
concentration reaches the bulk concentration at about 2.0%
of channel half height at x* ¼ 0.25. At the end of the chan-
nel, the mass transfer boundary layer occupies about 3.0% of
the channel half height.

Concluding Remarks

Electrokinetic effects influence the mass transfer of a neutral
solute in a porous microchannel. The influence is governed by
whether the electroosmotic flow is aiding or opposing the pres-
sure-driven flow. An analytical expression for the Sherwood
number is developed to quantify the mass transfer. Effects of
Debye length, Reynolds number, permeation velocity, etc., on
Sherwood number are observed. Sherwood number enhance-
ment is maximum at jh ¼ 40. At higher jh, the electrokinetic
effects become negligible and Poiseuille flow becomes domi-
nant. Permeation velocity and Reynolds number enhance the
Sherwood number significantly.

In summary, transport of an electrically neutral solute
can be influenced in a purely mass transfer governed man-
ner owing to the electrokinetic effects on the electrolyte so-
lution in a charged microchannel. This effect maximizes in
the vicinity of jh ¼ 40. One should consider these effects
in microscale transport processes involving transport of
neutral solutes dissolved or suspended in an electrolyte so-
lution in charged microchannels. Although we have
imposed an external electric field in our simulations, even
pressure-driven flows through such charged channels can
create a counteracting electric field (streaming potential),
that can adversely influence the mass transfer of the solute.
The mass transfer correlation and its limiting forms can be
useful design tools for microfluidic and hollow fiber filtra-
tion systems.
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Notation

A0 ¼ dimensionless quantity defined in Eq. 13
A1 ¼ dimensionless quantity defined in Eq. 15 3

16
ReSc de

L mðjh;RÞ
� �

B ¼ dimensional parameter defined in Eq. 19 ðPewx
1
3

4A
1=3
1

Þ
C ¼ concentration of solute, kg/m3

c0 ¼ bulk concentration of solute, kg/m3

cw ¼ solute concentration at wall, kg/m3

de ¼ equivalent diameter, m
D ¼ solute diffusivity, m2/s
Ex ¼ electric field strength, V/m
f ¼ defined in Eq. 6
g ¼ defined in Eq. 7
h ¼ channel half height, m
I ¼ definite integral defined in Eq. 22

R1
0

exp � g3

3
� Bg

� �
dg

� �
K1,2 ¼ integration constants

k ¼ mass transfer coefficient, m/s
L ¼ channel length, m
m ¼ defined in Eq. 12

Pew ¼ dimensionless permeation velocity (vwde/D)|||
p ¼ pressure, Pa
px ¼ pressure gradient in axial direction, Pa/m
R ¼ ratio defined as uHS/up

Re ¼ Reynolds number (qu0de/l)
Sc ¼ Schmidt number (l/qD)
Sh ¼ Sherwood number (kde/D)
ux ¼ axial velocity component, m/s
u0 ¼ cross section average velocity, m/s
up ¼ average velocity for poiseuille flow, m/s

uHS ¼ Helmholtz-Smolouchoski velocity, m/s
vy

0 ¼ transverse velocity component, m/s
vw ¼ permeation velocity, m/s
x ¼ axial coordinate, m
y ¼ transverse coordinate from the wall, m

Greek letters

d ¼ mass transfer boundary layer thickness, m
e ¼ dielectric constant of medium, C/V.m
j ¼ inverse of Debye length, m�1

l ¼ viscosity, Pa.s
g ¼ similarity parameter (A

1
3

1
y�

x
�1
3

)
f ¼ zeta potential, V

Superscript

* ¼ nondimensional quantities
_ ¼ averaged quantities
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